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Abstract

In a recent publication Roland Bacher showed that the number p; of non-
similar perfect d-dimensional quadratic forms satisfies e?(@ < p, < 0@’ log(d))
We improve the upper bound to O(d log(d)) by a volumetric argument based
on Voronoi’s first reduction theory.
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1. Introduction

The sphere packing problem is a classical problem with connections to
fields of mathematics, information theory and physics. This problem asks
how to pack d-dimensional identical balls in R? such that their density, the
proportion of RY they fill, is maximized. All best known sphere packings up
to dimension 9 are in fact lattice packings, i.e. sphere packings such that
the centers of the balls form a discrete additive group. Therefore a natural
restriction of the sphere packing problem is the lattice packing problem. In
1908, in his famous work [1], Voronoi introduced an algorithm that solves
the lattice packing problem in any dimension in finite time. Voronoi showed
that any lattice with optimal packing density must correspond to a so-called
perfect (quadratic) form and his algorithm enumerates the finitely many
perfect forms up to similarity in a fixed dimension. However, the number
of non-similar perfect forms grows super-exponentially in the dimension and
as a result Voronoi’s algorithm has only been completely executed up to
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dimension 8 [2, 3, 4, 5]. The exact number of non-similar perfect forms
from dimension 2 up to 8 is 1,1,2,3,7,33 and 10916 respectively and in
dimension 9 more than 20 million were found [6]. An intriguing question is
to characterize the growth of the number of non-similar perfect forms.

A bound on the number of perfect forms has consequences beyond esti-
mating the complexity of Voronoi’s algorithm. In 1998 C. Soulé [7] proved
an upper bound of 0@ 1og(d) which he used to prove a statement related to
Vandiver’s Conjecture.

Furthermore, from the field of physics, there is interest in the statistical
analysis of variations of Voronoi’s algorithm based on random walks, first in-
troduced by A. Andreanov and A. Scardicchio [8]. They conjecture a growth
of €®@) and several variations of Voronoi’s algorithm are designed 8, 9]
under the assumption that this conjecture is true.

Recently R. Bacher [10] proved a lower bound of €49 and an upper
bound of e?(@1os(d) Bacher already conjectured our improved upper bound
of 0@ los(d)) gubstantiated by heuristic arguments. However his proof meth-
ods and heuristic arguments do not seem to overlap with the proof we state
here.

A useful property of d-dimensional perfect forms is that each of them
has a corresponding full rank cone inside the cone of d-dimensional positive
semidefinite quadratic forms. In fact if we look at all perfect forms up to scal-
ing their corresponding cones are essentially disjoint. We use this property to
prove the upper bound of 0@ 1og(d) with a volumetric argument. We show
that each perfect form is similar to a perfect form of which the corresponding
cone has at least a certain volume. As only a certain amount of such cones fit
in a disjoint manner in the cone of positive semidefinite quadratic forms we
obtain an upper bound on the number of similarity classes of perfect forms.

In Section 2 we discuss the preliminaries needed for the proof and in

Section 3 we prove the upper bound of ¢9(d*lg(d).

2. Preliminaries

2.1. Notation

We denote the sets of integers, rationals and reals by Z,Q and R respec-
tively. With R>y and R~ we denote the set of all non-negative and positive
reals respectively. The set of integers {1,2,...,m} is denoted by [m] for
any integer m > 1. A vector v € R? is interpreted as a single column matrix
v € R, The i-th standard unit vector is denoted by e; € Z¢. The transpose



of a vector v € R or of a matrix A € R?*? is denoted by v* or A! respectively.
The standard inner product is often denoted by viw = 2?21 v; - w; € R and
the outer product by vw! = (v; - w;);; € R™ for vectors v,w € R%. The
trace and determinant of a square matrix A are denoted by Tr(A) and det(A)
respectively. The interior of a measurable set S C R", i.e. the largest open
set contained in S, is denoted by Int(S). A cone is a set C' C R? that is closed
under positive scaling. Let X C R? then we denote by cone(X) the cone
given by all non-negative linear combinations of the elements in X and by
conv(X) the convex set given by all convex combinations of the elements in
X. Furthermore we denote by rank(X) the dimension of the linear subspace
spanned by the elements in X.

2.2. Quadratic forms

We associate with every symmetric real matrix Q € R™? a (real) quadratic
form in d > 1 variables given by

Q: R R,
r— Qlr] == 2'Qx.

Remark that Q[z] = Q[—xz] for all x € R The space of all quadratic forms
is denoted by

ST :={Q e R™ . Q' = Q}.

Note that S is an n = (dzl)—dimensional real vector space, which is a

Euclidean space when endowed with the standard trace inner product
(P,Q) =Tr(P'Q) = Z P Qij-
i,5€[d]

The norm induced by this inner product is the standard Frobenius norm. By
cyclicity of the trace, we have x'Qz = (Q, zz'). Under any fixed ordering of
the indices {(i,7) € [d] x [d] : i < j} a natural isometry ¢ from S¢ to the
canonical Euclidean space R" is given by:

where ¢;; 1= @Q;; and ¢;; := \/ﬁQij = \/§jS for i < j. Indeed we have
(9(P), 9(Q)) = (P.Q).



This isometry will implicitly be used in the figures. Moreover, we consider
the cone of positive definite quadratic forms (PQFs)

S, :={Q € 8 : Q is positive definite},
its closure, the cone of positive semidefinite quadratic forms
Sgo = {Q € 8% : Q is positive semidefinite},
and finally its historically named rational closure [11]
54y = cone({za' : v € Z"}) C S,

2.3. Arithmetical equivalence

Two quadratic forms are arithmetically equivalent if they lie in the same
orbit under the action (Q,U) — U'QU of the multiplicative group

CL4(Z) :={U € 2% : |detU| = 1}

of unimodular matrices. We call two PQFs Q, Q' € 8%, similar if and only
if @ is arithmetically equivalent to a@)’ for some a € R-g.

2.4. Positive definite quadratic forms

For any PQF Q € 8%, there exists a smallest real number 7 > 0 for which
Q[z] = r has an integral solution. We define this number as the arithmetical
manimum denoted by

M(Q) = i Qlz].

More generally, we define for i € [d] the i-th successive minima \;(Q) as

Ai(Q) == inf{\ > 0 : 3 R-linearly independent xy,...,x; € Z" \ {0}
tQ[z;) < A forall j e [i]},

where the infinum is in fact a minimum. Note that \;(aQ) = aX(Q) for
any a € Ryy . Furthermore, the successive minima are invariant under
arithmetical equivalence, because (U'QU)[z] = Q[Ux] and UZ? = Z? for all
U € GL4(Z). So under the assumption that A\;(Q) = A\ (Q’) for two PQFs
Q,Q" € 82, the notions of similarity and arithmetical equivalence coincide.

By applying Hermite-Korkine-Zolotarev lattice reduction to a PQF we
can always find an arithmetically equivalent PQF for which the successive

minima are attained, up to a factor linear in the dimension, by the standard
basis of Z.



Lemma 2.1 (Lagarias, Lenstra, Schnorr [12]). Consider a PQF Q € S2,.
Then there exists a PQF Q' € 8% arithmetically equivalent to Q such that

Qe =@ < 22
We define the set of minimal vectors of a PQF Q € 8%, as
Min@Q := {z € Z%: Q[z] = M(Q)}.

Note that if Q' = U'QU, then Min@Q = U - Min Q’. We also define what is
called the Voronoi domain V(Q) of a PQF @ € S~q as

V(Q) := cone({zz' : z € MinQ}) C SY,.
A PQF Q € 8%, is called perfect if the set of equations

{Q'[z] = M(Q) for all z € MinQ},

has the unique solution Q' = @ among Q' € S?. That is, a perfect form
is uniquely determined by its minimal vectors. Recall that Q[z] = (Q, zz"),
therefore a PQF Q € 8%, is perfect if and only if its Voronoi domain V(Q)
has full rank n = (d‘gl) in S¢. In particular any perfect form has at least n

minimal vectors up to sign.

\i(Q) for alli € [d].

Figure 1: Voronoi domain of the perfect form ( % %) in the cone &2,.

For a PQF Q € 8¢, we define the dual PQF as the inverse matrix Q! €
S2,; this coincides with lattice duality. Note that if the PQFs Q, Q' € 8%,
are arithmetically equivalent by U, then Q! and (Q')~! are arithmetically
equivalent by U~!. There are several metric relations between the PQFs Q
and Q7 !, known as transference theorems. In particular for the successive
minima we have bounds from Banaszczyk.
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Theorem 2.2 (Banaszczyk [13, Thm. 2.1]). Consider a PQF Q € SY,.
Then the successive minima of Q and its dual Q' € 8%, satisfy

N(Q) - Ma—ip (Q7Y) < d? for alli € [d].

2.5. Volume

By making use of the isometry ¢ : S — R" we only need the standard
notion of volume in R™. The n-dimensional volume of a measurable set
S C R™ of affine dimension at most n is denoted by Vol,(S). In particular
the n-dimensional unit ball B has volume

Vol, (B" ™/
ol (B") = 5 —5—=

(B) T'(n/2+1)
where ' denotes Euler’s gamma function. Furthermore, a simplex, a convex
set spanned by 0 and n linearly independent points zi,...,x, € R", has
volume

1
Vol,,(conv{0, z1,...,z,}) = ﬁ| det((xi)iem))|-

See [14] for a proof. If S C R" is a convex measurable set of affine dimension
n— 1 and p € R” is a point with orthogonal distance h to S, then it holds
that

Vol,,(conv(S U {p})) = % - Vol,,_1(S).

We call two measurable sets Sy, Sy C R" essentially disjoint if Int(S;) N
Int(S) = 0. In particular for N pairwise essentially disjoint simplices
S1,..., Sy C R™ it holds that

N N
Vol,, (U SZ-) = Vol (S).
i=1 =1

3. An upper bound on the number of perfect forms

In this section we prove an upper bound on the number of non-similar
d-dimensional perfect forms. The bound of 2@ &) improves on the bound
of eC(@1og(@) proven by R. Bacher [10]. Bacher already conjectured such an
upper bound with heuristic arguments. Our proof strategy does not seem to
overlap with the proof or the heuristic arguments of Bacher.
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Theorem 3.1. The number py of non-similar d-dimensional perfect quadratic
forms has an upper bound of the form eC@ 8 - More precisely, py satisfies

(n—1)! ¢ ol (d—1)n . d+1
< . _ _ _ |
Pa = T+ 1) Vomd I (d°(d+7))", wheren X

The proof makes use of a volumetric argument after showing the existence
of a good representative for each similarity class of perfect forms. Recall
that every perfect form @ € 8%, has a full rank Voronoi domain V(Q) =
cone({zz' : * € MinQ}) in §¢. A key point in the proof of Theorem 3.1 is
that the Voronoi domains of the set of perfect forms up to scaling form an
essentially disjoint partitioning of the rational closure gio = cone{xz' : x €
7"} -

Lemma 3.2 (Voronoi [1]). The Voronoi domains of the d-dimensional perfect
forms cover gio- Restricted to perfect forms Q € S, with M\ (Q) = 1, it holds
that

sih= U v,
Q perfect
A(Q)=1
where the Voronoi domains are essentially disjoint.

Proof. This result originates from the first reduction theory of Voronoi [1],
see section 7.1 of [15] for a full proof. We do reprove the last part of the
Lemma, that is, the part that the union is essentially disjoint. This is the
only part from this Lemma that we need. Let Q, Q" € 8%, be two perfect
forms where we assume that A;(Q) = A\ (Q') = 1. Suppose that there exists
an R € Int(V(Q)) N Int(V(Q')). We have to show that Q = Q'. Because
R € Int(V(Q)), there exist positive ¢, € Ry for every z € Min @) such that
R=73 cMing e zz'. As a result we have

(RQY= > ¢ a'Qr> > = Y ¢ 2'Qu=(RQ),
z€Min Q r€Min Q z€Min Q
using that A;(Q) = A\ (Q') = 1. Because R € Int(V(Q')) we get symmetri-
cally the inequality (R, Q") < (R, Q) and thus equality. Then we have

0=(R,Q —Q) = Z ¢ (2'Qz —1).

z€Min Q



Because ¢, > 0 and 2'Q’x > 1 for all z € Min Q, it holds that 2'Q'z = 1 for
all x € Min @, i.e. Min@Q C Min@’. We conclude by perfectness of @) that

Q=0Q. O

Figure 2: Partial partitioning of 8%, by Voronoi domains viewed on a fixed trace plane. A
vector 2! indicates the extreme ray xz‘. A matrix Q indicates the Voronoi domain V(Q).

To turn Lemma 3.2 into an upper bound on the number of non-similar
perfect forms, we need to find, in each similarity class, a perfect form Q € 8%,
for which V(@) is ‘large’. To find such a good representative we use the
following lemma.

Lemma 3.3. For all PQFs Q € 8%, there exists a PQF Q' € 8%, arith-
metically equivalent to Q such that z*z < $d*(d+7) for all z € Min Q'

Proof. We can assume without loss of generality that A\;(Q) = 1. Applying
Lemma 2.1 to the dual PQF Q! we obtain a PQF Q' € 82 arithmetically
equivalent to () such that



for all i € [d]. Furthermore, note that \¢(Q) > ... > A\(Q) = 1 and thus by
Theorem 2.2 we have

Moy < —E <p
' T Aa—ir1(@) T

for all ¢ € [d]. Combining these inequalities we obtain

d d .
Q') = ; 2; = —d3 d+7).

In particular, this gives a lower bound on the eigenvalues i, ..., ug > 0 of
@', namely

1 & 1

— <y —=Tr(Q7) < <-d*(d+7).

Hi o My 8
But as mmuZ = min 9% and A\(Q') = M (Q) = 1 we have

yeRA—0 y'y
t)!
rir < v <1- —d3(d+ 7)
mm 1bi

for all z € Min @'. O

To quantify the volume of the cones in 8¢, we bound them by the half-
space Ty = {Q € 8¢ : (Q,1;) = Tr(Q) < 1} in S?. Recall the isometry
¢ : 8¢ — R" from Section 2.2. By Lemma 3.3, we can obtain for any
similarity class a perfect form for which the Voronoi domain is reasonably
large.

Corollary 3.4. Consider a perfect quadratic form Q € S8%,. Then there
exists a perfect form Q' € 8 arithmetically equivalent to Q such that

o(n—d)/2

Vol, (6(V(Q') NTy)) > %m

= gd'

Proof. According to Lemma 3.3, there exists a PQF @’ € 8%, arithmetically
equivalent to ) that satisfies ztz < %d?’(d + 7) for all x € Min@'. The



polytope V' = ¢(V(Q') N Ty) is the convex hull of 0 and ¢ (%) for all

x € Min @)’ /{£1}. As we are only in search of a lower bound for the volume
of V', we consider without loss of generality a subset Mgy C Min @’ such
that |[Mg| = n and rank{¢(zz') € R" : x € Mg} = n. Note that this is
possible exactly because @) is perfect. Then V' contains a simplex induced
by Mg and we get

Vol, (V') > Vol, (Conv ({0} U {¢ (ETJZ) e MQ,})> _ %y det ()|

with
t
W= (¢ <$>) c R,
Yoty :L‘EMQ/

By using that ¢(x2?) € Z9@ /27" for all x € Z¢ under some fixed ordering
and that the determinant of W is nonzero, because it has full rank, we get

et = | T] — | - |det((@(z2))ucr,, )

rtx
Z‘EMQ/
n—d)/2
> I =) 2o s A,
sty T (gd3(d+T7))"

So we can conclude that

Vol (p(V(Q) T > L. 20
B+ 7))
]

Now we have found a good representative for each similarity class of
perfect forms; the upper bound quickly follows.

Proof of Theorem 3.1. Let P; be a complete set of non-equivalent represen-
tatives of perfect d-dimensional quadratic forms with A;(Q) = 1 up to arith-
metical equivalence. By Corollary 3.4 we can assume that Vol,(¢(V(Q) N
Tq)) > 44 for all Q € P;. By Lemma 1 we have

U V@) c &, c s,

QeP,
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where the V(Q) are essentially disjoint. This yields

|Pal - £a <) Volu(¢(V(Q) N'Tw)) < Voln(¢(8%0 N Tu)).
QEPy

What remains is to find an upper bound for the volume of S2,NT,. Remark
that SgoﬁTd is the convex hull of 0 € S and the convex base Cy = Sgoﬂ{Q €
S84 : Tr(Q) = 1}. Furthermore 0 has orthogonal distance HéIdHF = \/ig to
Cyq. For A = (a;5);; € Cq we have a?j < a;aj; for all 4, j € [d], because A is
positive semidefinite. Therefore, for any A € C,; we have

<A,A> = Z (ZZQJ S Z aiiajj = TI'(A)Q = 1
i,7€(d] i,7€(d]

But then

1 1 2 1 d—1
_Z _Z — _Zz < -
<A dId,A d[d> (A, A) y Tr(A) + TS

and thus Cjy is contained in an (n — 1)-dimensional ball with center é]d and

radius \/‘%1. This implies the following upper bound.

Vol (¢(82y N 7)) < Vol (¢(conv(Ca U {0})))

n—1
1 1 d—1Y\ 2
:a'ﬁ'( w ) Nol,1(B™Y) = ug.

Recall that n = (*}') = O(d?) and n! < n" = 2@ 15 To conclude,

o .
< —= = . . . n _ og )
|Pd‘ - gd F(% + %) 27n—d dn (d (d+ 7)) e

]

4. An upper bound on the arithmetical minimum of perfect forms

We are grateful for the anonymous reviewer that suggested an additional
remark, namely that Lemma 3.3 also results in an explicit upper bound on
the arithmetical minimum A;(Q) of a primitive integral perfect form @. We
denote the lattice of integral symmetric matrices by 8¢ (Z) C S
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Theorem 4.1. Let Q € 8%, (Z) be a primitive and integral perfect form,
then the arithmetical minimum A\ (Q) satisfies

n 1
M(Q) < 27(nHd/2). (d*(d+7)) /2, where n = (d—; )

Proof. By Lemma 3.3 we can assume that ) has n minimal vectors zy, ..., z, €
74 with alx; < £d*(d + 7) that define a full rank system

(w2t Q) = \(Q) for all i € [n],
with the unique solution (' = ). This translates to an integral linear system
A (Qyligy =M(Q)- 1" with A= (¢ (z27)), ., € 2,
using the embedding
¢ SUZ) = 2P D22 P (pij)i<y,

where p;; := P;; and p;; := 2PF;; for ¢ < j. This allows us to express () as

(Qij)igj = det(A) -adj(A) - 1" € 2.

The adjugate adj(A) of an integral matrix is integral and thus C;\elt((g)) Qs
integral. As @ is primitive we get that A;(Q) < det(A) and we conclude by
applying the Hadamard inequality as follows:

det(A) = det (¢'(z:a})) o,y = 207072 - det (d(wiar})) oy

(2

n n/2
<2079 ] oteap] < 20" (jeen)  <cowv,
]
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